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Abstract. The goal of this paper is to present a modified version (GML) of ML invariant 
which should take into account rulings over a projective base and allow further stratification 
of smooth afhne rational surfaces. We provide a non-trivial example where GML invariant 
is computed for a smooth affine rational surface admitting no C+-actions. We apply GML 
invariant to computing ML invariant of some threefolds. 

1. Introduction 

Rational affine surfaces, i.e. affine surfaces birationally equivalent to a plane is an inter- 
esting and rich class of surfaces worthy of investigation. One of the tools which was used for 
classification of such objects is so called ML invariant {ML{S)) of a surface 5* which is a 
characteristic subring of the ring of regular functions of S. It consists of the regular functions 
which are invariant under all possible C"^-actions on S. Any C^-action on a surface induces a 
C-fibration over an affine curve. The invariant answers to the question how many fibrations 
of this kind the surface admits. 

Naturally enough the fibrations over projective base are less studied (( [PR] . |GM] |Za] 
jKiK^ [GMHR]). 

The goal of this paper is to present a modified version of ML invariant which should 
take into account projective rulings also and allow further stratification of rational surfaces. 
Of course, it is much easier to introduce an invariant than to be able to compute it in a 
particular case. We still do not know how to compute ML invariant for a given surface 
though some technique is available (see |KMLlj . |KML2j ). 

Unfortunately computation of the modified version of the invariant is even more involved. 
Nevertheless we present a non-trivial example where we were able to finish the computation. 
Hopefully further techniques will be developed in due course. 
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Let us recall the definition of the ML invariant. Let R be the ring of regular functions 
of an affine algebraic variety V . Let LND{R) be the set of all locally nilpotent derivations 
(Ind) of R. Then ML{R) = ML{V) = OaeLNDiR) where R^ stands for the kernel of d. 

Here is the modified version. Let F{R) = Frac{R) be the field of fractions of R. Take an 
element / G F{R) and consider the ring R[f] C F{R), i.e., extension of R by the polynomial 
functions of /. Call d G DER(F(i?)) a generalized locally nilpotent derivation (glnd) of R 
if it is locally nilpotent on R[f] and d{f) = 0. Define GML{R) = OdeGLNDiR) F{R)^ where 
GLND{R) is the set of all generalized locally nilpotent derivations of R. 

If R = 0{S), the ring of regular functions on a surface 5*, we will denote F{R) by F{S). 
Of course, F{S)^ is the algebraic closure of C(/) in F{S) when d G GLND{R). 

Therefore GML{R) is 
-either F{R) when the only element of GLN D{R) is the zero derivation, 
-or a field of rational functions of a curve C when non-zero Ind are possible on R[f] only for 
/ G C(m) where m is a fixed element of F{R), 

-or C when there are at least two substantially different possible choices of /. 
If S is rational then C = ¥\ 

Geometrically speaking if R = 0{S) where 5* is a surface, a non-zero glnd of R which is not 
equivalent to an Ind of R corresponds to C-fibration of S over a projective curve. Therefore 
S contains a cylinder like subset. By a result of M. Miyanishi and T. Sugie ( |MiSuj ) it is 
equivalent to A; = — oo where k is the logarithmic Kodaira dimension of S. We can think 
about LND{R) as a subset of GLND{R) (just take / = 1). So in the case of surfaces the 
logarithmic Kodaira dimension of S is — oo if and only if GLND{R) contains a non-zero 
derivation. 

In Section [2] we give some definitions and demonstrate the first properties of GML. 

In Section [3] we compute invariant GML for a "rigid" surface: smooth affine rational 
surface admitting no C'^-actions. In Section H] we apply GML invariant to computing ML 
invariant of some threefolds. 

It appears that GML invariant of a surface S is closely connected to ML invariant of the 
line bundles over S. Namely, let C = (L, tt, S) be a line bundle over 5* and d G LN D{0{L)). 
Then there exists d' G GML{S) such that 9/ = for any / G 7r*(F(S')^') (see Proposition [I]). 
On the other hand for any d G GML{S) there is a line bundle C = {L,7t,S) and a Ind 
d' G LND{0{L)) such that d'f = for any / G 7r*{F{Sf) (Lemma [lU]). 
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This is why the GML invariant is useful for understanding whether ML-invariant of a 
surface is stable under reasonable geometric constructions. In our previous work the cylinder 
over a surface played the role of a "reasonable" geometric construction. Here we are replacing 
the cylinder by an algebraic line bundle. 

It is not always possible to generalize the results known for the cylinders to this setting. 
E. g. for "rigid" surfaces 

ML{S X C) = 0{S), 

but it is not valid for some non-trivial line bundles, because GML{S) is not trivial. 

In Section H] , Corollary [3] we describe the line bundles for which the equality nevertheless 
is true. 

Below we denote by C"^ the n - dimensional complex affine space with coordinates 
xi, ...,Xn, and for an irreducible subvariety C of codimension 1 we denote by [C] the effective 
divisor with this support and coefficient 1; supp(G) and Cl{G) stand for support and class of 
divisor G respectively. (Ci, G2) = ([Ci], [Cq]) is the intersection number of two curves (resp. 
divisors). A stands for a closure of A. For a rational function / we denote by (/), (/)o, (/)oo 
divisors of /, of its zeros and of its poles respectively. \i C = (L, vr, S) is a line bundle 
over a smooth surface S", then Di stands for the Weil divisor (since S is smooth we do not 
distinguish between Weil and Cartier divisors) on S, associated to C. Two C"^-actions are 
equivalent if they have the same generic orbit. 

For a ring R we denote by DER(i?) the set of derivations on R, by LND{R) C DER(i?) 
the set of locally nilpotent derivations, by F{R) the field of fractions of R. For a derivation 
d G DER(i?) we denote by R^ and F{R)^ the kernel of 9 in i? and F{R) respectively. 

The main information on properties of LND{R) may be found in |KML2] . Our Encyclo- 
pedia on affine surfaces with fibrations is the book of M. Miyanishi |Mi2j . 

2. Properties of GML 

Let 5* be a smooth affine complex surface, R = 0{S) be the ring of regular functions on 
S, and F{S) = Frac((9(S')) stand for the field of fractions of 0{S). 

Definition 1. The derivation d G DER(/2) is a generalized locally nilpotent derivation 
(glnd) if there is / G F{S), such that d G LND{R[f]) and d{f) = 0. The set of all glnd's 
for the ring R is denoted by GLND{R) 

Definition 2. Two elements di and 82 in GLND{R) are equivalent, if F{Rf^ = F{Rf\ 
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Definition 3. The invariant GML{R) ( or GML{S) ii R = 0{S)) is tlie field H . 

deGLND{R) 

Definition 4. A smootli affine rational surface S is rigid, if log-Kodaira dimension k{S) = 
-oo and ML{S) = 0{S). 

The invariant GML{S) has the following properties: 

Property 1. k{S) = -oo if and only if GML{S) F{S). 

Proof. Indeed, by definition, GML{S) ^ F{S) is equivalent to the existence of a cylinder-like 
subset in S, which is equivalent ( [MiSuj ) to k{S) = — oo. □ 

Property 2. // there exists a Zariski open affine subset f/ C such that ML{U) = C, then 
GML{S) = C. 

Proof. Since ML{U) = C, the surface 5* is rational. Let ipi : U C and (p2 '■ U ^ C he two 
C fibrations on U. Let S" be a closure of S, such that the rational extensions Ipi : S ^ 
and ^2 • "S* ^ of ipi and ip2, respectively, are regular. Let S = S — D, U = S — {D U D'), 

m n 

D = \J Gk, D' = \J Bj, where Gi and Bi are reduced irreducible components of D and D' 

k=l j=l 

respectively. All of them are smooth and rational ( see |Mi2j . ch. Ill, Lemma 1.4.1). 

We denote by D'^ , such components in DU D' that Tp^ : D°° —>■ is an isomorphism, 
z = 1, 2. If D°° C D' for some i then for a generic a G P^ the intersection Tp^^^a) n{DU D') G 
D' — D, since Tp'[^{a) has only a single point in S — U. It follows that a compact curve 
(a) C S, thus S is not affine. The contradiction shows that D°° C D for i = 1,2 and 
1^ = const for every j = 1, . . . ,n. Thus |^: S* ^ P^ are nonequivalent C-fibrations, and 
GML{S) = C. □ 

Property 3. (See |GMMR] . [Za]. ) For a Q- homology plane S 

GML{S) = Frac{ML{S)). 

Property 4. (see [GM] . Th. 4-V U there exist a C-fibration f : S ^ B and the curve 
B = C (B = F^), all the fibers of f are irreducible and there are at least two (resp. three) 
multiple fibers, then GML{S) = C(/). 

The next Lemma is a simple fact about locally-nilpotent derivations, which was proved in 
another form in |BMLlj . We will need it further. 
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Lemma 1. Let R be a finitely generated ring and r & R. Assume that there is a non-zero 
Ind d on R[r^^]. Then there is a non-zero Ind on R. 

Proof. Indeed, let ri, . . . , r„ be a generating set of R. Then d{ri) = piV^"^' where pi ^ R and 
di is a natural number. It is clear that d{r) = since both r and are in i?[r^^]. 

Take m which is larger then all di. Then e = r™(9 is also an Ind on i?[r~^]. Since e(ri) G R 
for all i the derivation e is a derivation of R. So it is an Ind of R. □ 

Remark 1. Same consideration works if there is a non-zero Ind d on R{r). Again d{r) = 
and instead of r"^ take a common denominator of all d{ri) which is a polynomial in r. 

3. Example 

In this section we compute GML{S) for a surface S C C^, introduced in |BML2j ( example 
3) and defined by 



uv = z{z — 1) 


(1) 


v^z = uw 


(2) 


z^{w — 1) = xu^ 


(3) 


u'^(z -l)=tv 


(4) 


{z-l)\t-l)=yv^ 


(5) 


u^v^ = wt 


(6) 


yz^=u\t~l) 


(7) 


x{z-lY = v'^{w-l) 


(8) 


v^x = w'^{w — 1) 


(9) 


u'y = t\t-l) 


(10) 


= {z - l)w 


(11) 


u^ = tz 


(12) 


xy = {w — l)(t — 1). 


(13) 



Equations (lU|)- (fT^ are the consequences of the equations 

The surface is smooth, because the rank of the Jacobi matrix of equations (ni)-( fT3|) is 
maximal everywhere. 

The surface S has the following properties 
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Property 5. (1) k{S) = — oo; 

(2) R = ML{S) = 0{S); 

(3) 7ri(5) = Z/2Z 

(4) Pzc{S) = Z + Z/2Z; 

(5) It admits an automorphism a : (m, v, z, t, w, x, y) (— f , — m, 1 — 2;, w, t, x); 

(6) Morphism b : S ^F^, defined as b{s) = ^ for a point s & S, is a C-fibration. All the 
fibers of this fibration are isomorphic to C^. The fibers Bq = b^^{0) and Boo = 6^^(00) 
have multiplicity 2. 

(7) The following relations are valid: 

z = ub, V = b{ub — 1), w = b^iub — 1)^, 

x = b\b'{ub-if-i), t = ^, y = ^. 

(8) The surfaces Sq = S — B^c and Soo = S — Bq are isomorphic to the hypersurface S' = 
{/?^7 = a'^—P}. Isomorphisms tq : Sq ^ S' andr^o '■ Soo ~^ S' are defined respectively 
by P = b, a = u,'y = y and P = 1/6, a = f,7 = x. Indeed, R[b] = C[m,6, ^^p^] and 
R[l/b] = C[b{ub - 1), 1/6, b\b^{ub - 1)2 - 1)]. 

Theorem 1. GML{S) = C(6). 

Proof of TheoremUl The proof is rather long but the main idea is as foUows: if GML{S) 7^ 
C(6) then there exists a C-fibration (p G F{S), such that LND{R[ip]) ^ {0}, where R = 0{S) 
and is algebraically independent with 6. We introduce some weights for the generators 
u, V, z, t, w, X, y and consider the corresponding graded algebra R[ip] (since is a rational 
function the weight of (f will be also defined). We will show that for these weights LND{R) = 
{0}, where i? is a corresponding to R graded algebra. Then we will get that the leading 
forms of the numerator and the denominator of (f are algebraically dependent, and finally 
that LND{R[ip]) = {0}. This will bring us to a contradiction because (as it was shown in 
[KMLlj . see also |KML2j ) LND{R[ip]) ^ {0} implies LND{R\ip]) ^ {0}. 

Let us specify the weights {00) by uj{u) = 4 and uj{b) = —1+p where p << 1 is an irrational 
number. Then u^z) = 3 + p, u^v) = 2 + 2p, u{w) = 3 + 5p, uj{x) = 1 + 7p, uj(t) = 9 — p, 
^{y) = 11 - 3p. 

Lemma 2. LND{R) = {0}. 

Proof of Lemma\^ Let d G LND{R) be a non-zero derivation. 
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The system 

2 2 2 2 2 J. n A\ 

uv = z , V z = uw, z w = xu , u z = tv (14) 

2j. 2 2 2 J. 2 2j. 2 2 n r:\ 

z t = yv , u V = wt, yz = u t, xz = v w [lb) 

v'^x = w^, u^y = t^, = zw, = tz, xy = wt. (16) 

defines a reduced (the rank of Jacobian matrix is maximal in Zariski open subset {uvz ^ 0}) 
and irreducible surface. The last follows from the fact, that each fiber of a rational function 
A; = - = - is irreducible. 

2 V 

According to |KML2j (L emma 6.2) the system (I14p . (ll5pfll6p defines R. 
So 

R = C[u, z, u~^z'^,u~^z^, u~^z'^, u^z~^,u^z~^]. 

We want to show that this ring does not have a non-zero locally nilpotent derivation. With 
our choice of weights we will get that the induced non-zero locally nilpotent derivation d 
also belongs to LND{R) since ^ is a graded algebra relative to this weights. The weights 
are not comesurable, that is why both d{u) and d{z) are monomials and d of any monomial 
is a monomial. 

We present monomials in u,z of R by points of the two-dimensional integer lattice. The 
set A of points (1, 0), (0, 1), (—1, 2), (—3, 5), (—5, 7), (3, —1), (5, —3) which correspond to the 
generating set of R is located on a plane with coordinates (r, s) inside the angle between 
lines Li = {7r + 5s = 0} and Li = {5s + 3r = 0} containing the first quadrant. The points 
(—5, 7), (5, —3) belong to Li, L2 respectively. There is an involution a : {u, z) — > {u~^z'^, z) 
of the ring i?, which changes roles of lines Li and L2. 

Since d is locally nilpotent and non-zero it implies that there is a monomial / G ker{d)\C 
This means that the ker{d) is generated by a monomial, say /. Now, let us take a monomial 
g for which d{g) ^ and d^{g) = 0. It is known (see |KML2j ). that R C C(/)[^]. The 
action of d is represented on the plane (r, s) as the translation by the vector, corresponding 
to g toward the line passing through the point corresponding to /. Since both f,g & R it 
implies that / must be represented by a point of the boundary line, i.e. Li or L2. Because 
of involution we may assume that d{u^z'^^) = 0. Let deg be the degree function induced by 
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d ( |FLNj ). Then Sdegw — 3degz = 0, i.e. degw = Sra, degz = 5n for some tt, G N. Since 
d{u) is a monomial, n should divide 3n — 1, so n = 1. 

Now, deg((7) = 1. So one of the monomials in R has degree 1. But degu = 3,degz = 
5,degM~^z^ = 7, degM~'^2;^ = 16,degM~^2;^ = 20, degw^^"-*^ = 4,deg-u^2;^^ = and since g is 
a product of these monomials it cannot have degree equal to 1. □ 

The next step is computation of the leading form of the function Lp. We need several 
Lemmas. We will denote by the same letter the function u on S, its extension to S and its 
lift to any blow-up S of S. 

Lemma 3. The map b can be extended to a morphism b : S ^ to the closure S such 
that the divisor D = S — S has the following graph: 



ai2» • as 



an* • as 



Og flg Oij CLq Oil 0,2 CI3. 

where vertex ai, < i < 12 represent a component Ai of divisor D. Moreover, they enjoy 

Property 6. (1) = -2 for i > 0; 

(2) AeHBo^ 0, Ai2 n ^ 0; 

(3) Fo = r\0) = Ai + A3 + 2A2 + 2Ai + 2A^ + 2Aq + 25o, F, = r\oo) = A-r + Ag + 
+2As + 2Aw + 2Ai2 + 2An + 2B^; 

(4) -u 1 6 = M L = M L = 0, M I . is linear: 

2 

f|i2 =fL = fL =0, fL is linear. 



Proof of Lemma\^ Due to Property [5]|5]) and Property [5](IH]) it is sufficient to analyze the 
structure of the closure of the surface Sq = S — Boo and to proof only Property El 



ON C-FIBRATIONS OVER PROJECTIVE CURVES 9 

The detailed description of the graph of the divisor Dq = Sq — Sq is given in jMiMaj and 
|TtDj . together with the proof of Property [6l ([I])-®. 

In order to obtain 5*0 you have to consider the open set [/ = of a Hirzebruch surface 
and to blow-up several times the point 6 = 0,^ = of the fiber B = {b = 0}. That is why 
Property inidll) is valid: m = on all exceptional components Aj, 1 < z < 6 of this process and 
u is linear along the proper transform Ai oi B. The equality u \ =0 follows from equation 
([!]) in the definition of the surface. □ 

Any non-equivalent to b fibration : S ^ P^, ip G F{S) has the following 

Property 7. (1) every fiber = (f ^{q) is isomorphic to C (since lank PicQ{S) = 1) 
(^\, Ch.3, 2.4.3.1 p ); 

(2) There are precisely two values qo,qi G P^, such that the fibers ^g^, have multi- 
plicities 2 ; all other fibers are of multiplicities 1 f |Fu] . 4-^9. 4-^0, 5.9); 

(3) if is not a function of b (since they define non-equivalent fibrations); 

(4) there is d e LND{R[p\) such that d ^ {0} and d{ip) = 0. 

Lemma 4. There is no p G such that (f is constant along the fiber Bp = b (p). 

Proof of Lemma ^ . If such p exists, then the affine surface S" = S — Bp admits two non- 
equivalent C fibrations over C, i.e. ML{S") = C. 

If p 7^ 0, 00, then b has two singular fibers, thus ML(S") ^ C ( j.Giz] . jBer] ). 

If p = or 00, then S" ^ S' ( see Property EP). But ML{S') = C[/3] ^ C as well 
r |MiMaj . Theorem 2.3). 

Thus, both cases are impossible. □ 

Lemma 5. The extension Tp of rational function ip to S is not regular and has only one 
singular point. 

Proof of Lemma Assume first that Tp is morphism of S onto P^ . 

Then for one of the components Ai of divisor D = S — S (see Lemma [3l) the restriction 
(y9 1^ : P^ is an isomorphism. Due to the existence of the automorphism a of 5* ( see 

Property [5](l5])), we may assume that < i < 6. 

Case 1. i = 0. Then the generic fiber $q = Tp'^^q) = (p~^{q) = P^ of ^ intersects 
Aq transversally. Since the function u is linear along the generic fiber ( |BML2j . Ex. 3) 
it has a simple pole along Aq. Since this is the only puncture of $g and u G 0{S), the 
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restriction u |^ has the only simple pole at the point U $q. But it has zero at every point 
of intersections $g fl i?o 7^ and $g fl B^o 7^ 0. Hence the number of zeros is at least two. 
The contradiction shows that i 0. 

Case 2. < z < 6. In this case $g intersects D at a point of Ai only and for a general 
fiber u is finite at the intersection point (see Property [6](jll)). Thus it is finite everywhere in 
$q, hence constant. Since the curve {u = const} ^ C in 5* it is impossible. 

Thus ^ is regular on S but is not a morphism of S, i.e. the singular point of ^ is at the 
puncture of the generic fiber $g ( or, the same, at the intersection of generic fibers Since 
$g has only one puncture, there is only one singular point s E S. □ 

Let b{s) = Pq. We may assume that Po 7^ ( due to the involution a we may always change 
the roles of and 00.) 

Let 7T : S S he a. resolution of Tp, i.e. vr is an isomorphism outside vr ^{s). Let vr ^{s) = 

k 

IJ Ej, where Ej are exceptional components in D = S — S, let = ^ o vr, 6 = 6 o vr, let 


Ai be proper transforms of A^ and let be an isomorphism. Then (p has to be constant 

along each connected component of D — Eq. 

Let l>g = <^"^(g) and Bg = b'^{q) for a point g G As above, $g = ip~^{q) and l>q = $q 
for the generic q. 

Consider the connected component R of D — Eq containing the proper transform Aq of 
Ao- 

If Lp K E F^, then = (P~^{k) = RU C, where C = is the closure of (this 
means that C is the only component of $ that intersects 5*). 

Lemma 6. b{si) 7^ 0, where si = Rn C. 

Proof of Lemma\^ Assume that si G 6~^(0). We remind that tt is isomorphism in the neigh- 
borhood of 6~^(0). The point Si cannot be the intersection point of Aq and 6~^(0), since 
three components (C, Aq, Ai) of the fiber of (p cannot intersect at a point ( [Mi2j . Ch.3 1.4.1). 

Thus, si G (U^j) ~ (^0 n ^1) and u{si) is finite. But then u is finite at every point of C, 
1 

which is impossible. □ 



Lemma 7. The fiber has multiplicity 2 in fibration (p. 
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R, and let the corresponding divisor G of the fiber = ^(/t) be G = ^ kiAi + eC + H, 



(supp H = Ri). 
We want to prove that e 7^ 1. We have 







— D imnlipc; 




(A 


G) 


= imphes 


-2k5 + ke + ki = 0, 




G) 


= imphes 


-2/C4 + /Cg + fcs = 0, 


(is 


G) 


= imphes 


-2k3 + k2 = 0, 




G) 


= imphes 


-2k2 + k3 + ki + ki = 0, 




G) 


= imphes 


-2ki + k2 + ko = 0, 




G) 


= imphes 


ko{Al) + k, + {Ao,eC + H) = 



It foUows that ki = ^ko and ko{Al + |) + {Aq, eC + H) = 0. Since {Aq, eC + H) > 0, and 
fco > we have Aq 7^ —1. Along all components of G except Aq and C the map b is constant. 
If any of them were a (—1) curve, it would be possible to contract it. The new divisor still 
would have normal crossings, because it was obtained by blow-up process from the normal 
crossing divisor. Hence we may assume that the only (—1) curve in G is C. But then it 
cannot be of multiphcity 1 ( [Mi2j . Ch.3 1.4.1). According to Property [7] ([2]), multiphcity 
should be 2. □ 

Lemma 8. = y'^ for some A; G Z. 

Proof of Lemma [3 By bilinear transformation of (f we may always achieve that qo = k, = 
0,qi = 00 (see Property [7] ([2]) ). 

According to Lemma [3] and Property [5] (E]) 



Since Pic(^o) = Z/2Z, divisors 2[<l>o n 5o] = and 2 [$00 n ^0] = 0. This imphes that there 
exist polynomials P{u,b,y), and Q{u,b,y), such that 







S-B^ = So = {b'y = u'- b}. 



(17) 



2[%nSo] = {P{u,b,y))onSo 



2[<l>^nSo] = {Q{u,b,y))onS, 







and 



P{u,b,y) 
^0 Q{u,b,yy 



12 TATIANA BANDMAN AND LEONID MAKAR-LIMANOV 

On the other hand, I 7^ const. It follows, that in S 



Piu,b,y) 

We may substitute u"^ by b^y — b into polynomials P and Q and obtain 



P{u, b, y) = P,{y) + uP2{y, b) + bP^{y, b), (19) 
Qiu, b, y) = QM + uQ2{y, b) + bQ^{y, b), (20) 
Along Bq function y is linear, u = b = 0, along the generic fiber Bp we have b = p, u is 

2 

linear, y = 

For two generic fibers Bp = b~^{jp) C S and $q = ip~^{q) C S we denote by \Bp, $q| the 
number of points in their intersection Bp fl $q counted with multiplicities. We consider Bp 
and $g as reduced curves isomorphic to C. Recall that Bp and $g are the closures in S of 
Bp and $g respectively. 

Let for two generic points p, g G 

\Bp,<^,\ = (Bp,^,) = N. (21) 

For q ^ 0,00 

\Bo,%\ = (Bo,%)=N/2. (22) 
Let r be the multiplicity of zero of function (f along Aq. For a generic p 

\Bp,^o\ = (Bp,^o) = iN-r)/2 (23) 

= (5p,$,o) = iV/2 (24) 

and 

|5o,<l>oo| = (5o,$oc) = iV/4. (25) 

6 

In order to compute |i?o,*^'o| we denote by i? = 2Bq + ^n^ylj the divisor of zero fiber 

1 

6"^(0). Due to Lemma[6]i?o intersects $0 only inside the surface S, thus for the generic p 



\Bo, $o| = {Bo, %) = liB, $0) = liBp, $0) = {N- r)/4. (26) 
Combining (|23l). (|26l). (fT9l). we get 

degPM = \Bo,%\ = {N-r)/4 (27) 

2de^j,P + de^.P = |P„ $0! = (A^ - r)/2 (28) 
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Here degsH stand for degree of polynomial H relative to indefinite s. 
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Combining dMD, (I2SD, (ED]), we get 

degQ.iy) = |Bo, $oo| = iV/4 (29) 

2degyQ + deguQ = \Bp,<!?^\= N/2 (30) 
For our weights uj{u) = l,uj{b) = —1 + p,uj{y) = 11 — 3p, it gives 
P = Pi = y^, Q = Qi = y^, = y~~* □ 

Now we can prove the Theorem. Were there a fibration there would be a non-zero 
locally nilpotent derivation on R[^]. Since the system which defines R and the equation 
(pyi = 1 again define a reduced irreducible surface we can conclude that R[ip] = -R[<^]. But 
that is impossible due to Lemma [2] and Lemma [H □ 

Remark 2. The curve {y = 0} G S contains two rational curves. As it was proven, none 
of them may be included into a C fibration (compare with [GMMRj . where such curves are 
called anomalous). 

Conjecture 1. Let S be a rigid surface which admits a morphism b : S such that the 

divisor at infinity built as in LemmalMhas the graph which is different from the graph in the 
Lemma only by the number of vertices in the vertical components of the graph. We would 
like to conjecture that then TheoremUl remains valid. 



4. ML INVARIANT OF A LINE BUNDLE OVER A RIGID SURFACE 

In this section we establish a connection between the GML-invariant of a surface and 
the ML-invariant of the total space of a line bundle over the surface. The computation of 
ML-invariant is often a very involved matter even for surfaces and cylinders over surfaces. 
That is why we find it interesting to compute the invariant for threefolds of another type. 
We consider line bundles over rigid surfaces. The information on GML{S) appears to be 
very helpful. 

Let us remind some notions and notations which we use in this section. 
The triple C = {L,tt,X), where L,X are affine varieties and tt : L ^ X is a morphism 
defines a line bundle if there is a covering of X by Zariski open affine subsets Ua such that 
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La = TT'^iUa) = f/a X and in the intersection La\^Lp the function gap = E OiJJa^Up) 
and does not vanish. 

Assume that there are functions ha G F{Ua) (i.e. rational in Ua) such tliat gap = Let 
the divisor Dl be such, that Dl H Ua = (ha) H Ua (recall that (ha) is the divisor of ha). 
We say that the divisor Dl and its class [Dl] are associated to the line bundle C and vice 
versa ( since the surface is smooth, we do not differ between Cartier and Weil divisors). If 
ha € 0{Ua), divisor Dl is effective. 

The set of functions fa G 0{Ua) such that ^ = |^ is a globally defined rational function 
/ G F{X) defines the section of C by ta{u) = fa{u) for a point u G Ua- If -Dl is effective, it 
has a section ta{u) = ha{u) which vanishes (intersects a zero section) at Dl- The quotient 
of two sections is a rational function on X. The sheaf JF of germs of sections of the line 
bundle is coherent, and the global sections r(jF) form a projective module over 0{X), which 
generates J-'x at every point x G X as Ox^x-^odnle ([S], Theorem 2, §45, Prop. 5, 41). 

Therefore the ring 0{L) = 0{X)[tro,tri, ...,trK], where r.j G 0{X) and t is rational on L. 

This ring naturally admits an Ind d-,^ G LND{0{L)) such that d-j^f = if / G 0{X) and 
= 1. The C"'"-action ip^, corresponding to acts along the fibers of vr. 



Lemma 9. Let X be a smooth affine variety admitting a -action </> : C x X — > X. Let 
C = {L, IT, X) be an algebraic line bundle over X. Then the total space L of C admits a 
C^-action (p' : C x L ^ L such that the image 7r($') of a general orbit $' of the action 0' is 
a generic orbit of the action cj). 

Proof of Lemma\^ Since the action corresponds to a 9 G lnd{R) which is non-zero we can 
find an element r E R = 0{X) such that d{r) = p and d{p) = 0. Put A = R^[r] and 
B = Frac(i?^)[r] = Frac(i?)^[r] ([ML], Lemma 1 of O. Hadas). 

As we know, rj G B. Consider the ideal generated by ri,i = 1, ...,K in B. Since i? is a 
principal ideal domain this ideal is generated by some element q. So we can write rj = qpi 
{pi G B) and polynomials po, . . . , px are relatively prime. Thus we can find ^q, . . . ,(;k G B 
for which ^^Pi^i = 1. Since all elements in B are elements of A divided by elements from 
R^ it means that we can find elements ^i,i = 1,...K in A such that X]j '"j^ — 1^ where 
A G R^. Therefore tgA G 0{L). Next, tr^ = tqpi. Let 5 e R^ he a common denominator 
for the coefficients of all pi. We can define now d by d{tq) = 6, d{r) = 6 A, d{r') = for 
every function r' E R^. □ 
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Corollary 1. If ML{X) = C and C = {L,7t,X) is an algebraic line bundle over X then 
ML{L) = C. 

Our main object of interest is rigid surfaces. 

Definition 5. If the generic orbit of a C~''-action (p : C\ x L ^ L on the total space of a 
line bundle £ = (L, vr, S) over a smooth affine surface S is not contained in a fiber of n we 
will call ip a skew C'^-action. 

Example 1. Define the projection tt : ^ by 

7r(M, V, z, w, X, t, y, s, r) = {u, v, z, w, x, t, y) (31) 
and define the affine variety L C by equations (|T])- (|T^ and the following ones: 

su = rz (32) 

s{z — 1) = rv. (33) 

Then C = (L, vr, S) is a line bundle over the surface S defined in Section O by ffT])- ffT^ . 
Indeed in notations of Section [H] S* = S'o U 5*00 and 

7i-\So) = SoX Cl, s = rb- 



7r-i(5oo) = 5ooXC^, r = s/b. 
There is 9 G LND(L) that is defined as 



ds = dr = 0, db = 0, 9m = s"r"-™, dz = 

dt = 2ms"""V"-™+\ dy = 2ms'"-V"-"^+^ 

For any m > 3 and n > m + 5 this Ind is well defined and provides a skew C^-action. Note 
that this line bundle has a section Z = {r = u, s = z} G L. The divisor D of intersection Z 
with the zero section Zq is associated to C divisor. Let C = {u = 0, b ^ 0, b ^ oo} and let 
F be a fiber b = const ^ 0, oo. Then D = C + Bq and since {u)q = C + -Bq + 2i?oo ~ 0, we 
have D 2B^ F. 



Similar example may be constructed over any rigid surface S. 
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Lemma 10. Let S be a rigid surface and d G GML{S). There exists a line bundle {C, it, S) 
and d' E LN D{0{L)) such that d' f = for any f E 7r*(F{S)^) (as we mentioned in 
Introduction) . 

Proof of Lemma [73 Consider a C-fibration f : S —^F^ on S induced by d and a non-singular 
fiber F = /^^(oo). Consider the line bundle {C,tt,S) associated to the divisor —mF. Let 
Ui = S — F and U2 = S — F', where F' = {f = 0} is another non-singular fiber. ( 
We may always assume that fibers F and F' are nonsingular) . Then L = Li U L2 where 
Li = TT-^Ui) ^ f/i X Ct, and L2 = 7i'\U2) = U2 x and ^2 = /""^i- The function 
T = ti = /^™t2 £ ^{L): it has zero of order m along F because / has a simple pole there. 
The divisor (r) = Zq + 711171* F. Thus, 0{L) = 0{S)[t,tu!1, ...ru*], where Ui are rational 
functions on S, such that (cjj) > —mF. Since f{Ui) is an affine curve, there exists an Ind 
di E LND{0{Ui)) such that dif = 0. Let be bigger than the order of poles of diUi along 
F for all i = 1, ...,n. One can define an Ind d' E 0{L) by d'r = d'f = 0,d'u = diu for 
u E 0{S). □ 

Take now any morphism / : S" ^ of a rigid surface 5* onto such that the general 
fiber of / is isomorphic to C. Picard group of 5* is generated by divisor [F] of the generic 
fiber F and the divisors [Ei^j] of the irreducible components Ei^j of the singular fibers Fj, 

[Fj] = X] "^jji-^ij]' ~ ■■1^ with relations refiecting that all the fibers are equivalent. 

1 

The group Pic(S') (g) Q = Q®^, where = — + 1, and is generated by [F] and 

[E^,j\,3 > 1. ([Ml2], Ch.3, Lemma 2.4.3.1). 
Any element / E Pic(S') may be represented uniquely as 

n rii 

1 1 

where 

(1) rriij < Oij for any i,l < i < n and any j, 1 < j < Ui] 

(2) mjj > for at least one of j, 1 < j < for any i,l < i < n\ 

Definition 6. We will call the representation with properties (l)-(2) standard for fibration 
/. We will call the element I E Pic(5') positive relative to fibration /, if in the standard 
representation m > 0. 
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The crucial fact for Lemma fTOl and Example [His that the line bundles are associated with 
the non-positive (relative to a given fibration) element of the Picard group. The following 
example presents the line bundle associated to a positive divisor. 

Example 2. Define the same projection vr : ^ C'' by 

Tr{u, V, z, w, X, t, y, s, r) = {u, v, z, w, x, t, y) (34) 

and the affine variety L C by equations (|T])-( fT3l) and the following ones: 

su = rv (35) 

st = ru{z — 1), (36) 

svz = rw. (37) 

Then C = (L, vr, 5*) is a line bundle over the surface S, defined in Section [3] by (|Tl)- (|T3l) . 
In notations of Section [3] 

7r-\So -C) = {So - C) X Cl s = rv/u; 

7^-\Soo - Ci) ^ {Soo - Ci) X C], r = su/v. 

Here Ci = {v = 0, 6 7^ 0, 67^ 00} does not intersect C = {u = 0, 6 7^ 0, 67^ 00}. 

The associated to C divisor being the intersection divisor of the section Zi = {r = u, s = 
v} G L and the zero section Zq is Bq + Boo- Therefore C is associated to a positive (relative 
to the fibration) divisor. We will show that there is no skew actions on L. 

Proposition 1. Let C = [L, vr, S) be an algebraic line bundle over a rigid surface S. Assume 
that L admits a skew -action a : C x L ^ L. Then there exists a skew -action 
P : C X L L, d' E GML{S) and an induced by d' morphism g : S ^ of S such that 

(1) the generic fiber of g is C; 

(2) g{TT{0)) is a point for a general orbit O of f3] 

(3) there is no non-zero section Z of C over an open subset U G S, such that 

(a) g{U)=F'- 

(b) the components of g^^{p) fl U are isomorphic to C for each p G P^; 

(c) g{Z n Zq) is a finite set in P^. 



Proof of Proposition [H 
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Lemma 11. Let R be an affine ring and Q = R[t,t^^uJi, . . . ,t'^''uJk] where t is a variable 
and uji G Frac{R) . Let d G LND{Q) which is not identically zero on R. Then there exists 
a locally nilpotent derivation on Q which is t-homogeneous and is not identically zero on R. 

Proof of Lemma fill Let us introduce a weight function on Q by w{t) = 1, w{r) = for 
r & R*, and w{0) = — oo. Consider a (non-zero) locally nilpotent derivation d which 
corresponds to this weight function ( |KML2] ). Clearly d G LND{Q) since Q is a graded 
algebra relative to the introduced weight function. Then d{t) = t''~^^e{t), d{r) = t'^e{r) where 
e G DER((5) such that e(t),e(r) G Frac(-R) if r G -R. Since our goal is to produce a locally 
nilpotent derivation on R we may assume that A; > (otherwise d can be restricted on 
R). It remains to show that d is not identically zero on R. So assume that d is identically 
zero on R. Then d{t) = t^^^e{t) implies that d{t) = 0, so d would be identically zero 
contrary to the facts. Indeed, if deg is the degree function induced on Q by 9 we have 
deg(t) — 1 = (A; + 1) deg(t) + deg(e(t)). But since we assumed that d is identically zero on 
R we have deg(e(t)) = if e{t) ^ 0. (If e{t) = then deg(e(t)) = -oo.) So if e{t) ^ then 
deg(t) — 1 = (A; + 1) deg(t). Since A; > we see that then deg(t) < which is impossible. So 
the lemma is proved. □ 



Corollary 2. //dim(i?) > 1 then Frac{QY contains a non-constant rational function from 
Frac{R). 

Proof of Corollary Since d is t-homogeneous the ring of 9-constants is generated by t- 
homogeneous elements. Since dim{Q) > 2 there are two algebraically independent homoge- 
neous 9-constants, say /i = t"^ui and /2 = t"c<j2- Then /2~™' G Frac(-R). □ 

We apply the Corollary [2] assuming R = 0{S), and Q = 0{L) and t G 0{L) is any regular 
function on L that is linear along the generic fiber and vanishing at zero section. Let (3 be the 
C"'"-action defined by locally nilpotent derivation d. By construction, all the points of zero 
section Zq G L are fixed by f3 and there exists /3-invariant function / = 7T*g G Frac((9(L)) 
with g G Frac((9(5')). Using Stein factorization we may assume that the generic fiber of 
g^^{p),p G is connected (and irreducible). 

Lemma 12. g : S -^F^ is morphism. 
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Proof of LemmalTM We will identify S with the zero section Zq, i.e. S G L. By construction 
it is /3-invariant. The function / is the composition of rational maps: L S F^. Let p be 
a point in P^. Let Cp = g~^{p) C S and let Tp = 7r^^(Cp) = f~^{p)- Since / is /5-invariant, 
Tp is /3-invariant as well, thus consists of /3-orbits. Since /3 is a skew action, these orbits are 
not mapped to a point by tt. Hence, Cp = 7r(Tp) = Tp (1 Zq = C By construction Tp is the 
restriction of our line bundle C over Cp, thus Tp = C^. 

If (7 were not a morphism there would be a point s G S contained in every fiber Cp = {g = 
p}. Then for every p the set Tp would contain two /^-invariant intersecting curves: Cp and 
As = 7T~^{s). But then all the points of Tp for all p would be fixed by (3. The contradiction 
shows that such point s does not exist and g is morphism. □ 

Items (II]), ([2]) of Proposition [1] are proved in Lemma fT2l Assume now that there exists a 
section Z as in item ([3]). 

Items ( l3a|) ■ (l3b l) ■ ( l3cl) imply that Z = U admits a C-fibration over such that ZHZq is the 
union of finite set of fibers of this fibration. We want to show that Z is /5-invariant and this 
fibration should be induced by the restriction of P on Z. It would lead to a contradiction, 
because a C"'"-action has an afiine base ( [MiMal] . Lemma 1.1). 

In notations of Lemma fT2l item ( l3c|) means that for a generic p G P^ the curve Bp = Z (iTp 
does not intersect Zq, in particular, the curves Bp C Tp and Cp = Zq n Tp C Tp do not 
intersect. 

Since Cp = vr(Tp), and Z is a section. Bp = Z HTp is a section of the bundle over Cp and 
TT 1^ : i?p —> Cp is an isomorphism. Hence Bp = C. Thus, in /3-invariant set Tp = we have 
two rational disjoint curves. Cp is a /3-orbit in Tp, therefore the same should be true for Bp. 
Therefore, Z is /5-invariant, and the base of the restriction of the induced fibration should 
be affine. This contradicts to (l3al) . □ 

Corollary 3. Let S be a rigid surface, let GML{S) = C(/) and let f : S —>■ be the 
corresponding fibration. Let C = {L, tt, S) be a line bundle over S . Then ML{L) = 0{S) if 
L is associated to positive {relative to fibration f) element I of Pic{S). 

Proof of Corollary\^ Let '?/':CxL— >Cbea skew action on L. According to Proposition [1] 
it gives rise to a C-fibration g : S P^. Since GML{S) = C(/), the fibrations g and / have 
to be equivalent. Let the associated to C element / G Pic(S') have the standard representation 

n n-i 

1 1 
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and let 1+ be a sum of summands with non-negative coefficient and /_ be a sum of summands 
with negative coefficient. Let and be the union of components appearing in and 
I- respectively. 

Over U = S — D_ C S, the line bundle £ is associated to the effective divisor, hence 
has a section Zu such that intersection Zq fl Zu C Since supp contains at least one 
component of every fiber of g, U enjoys all the properties of item ([3]) of Proposition [1] which 
is impossible if is a skew C'^-action. □ 

Corollary [3] provides the situation when similar to the case of trivial line bundle, the 
isomorphism ML{S) ^ 0{S) implies ML{L) = ML{S) ^ 0{S) r |BML2j ). The following 
questions remain open. 

Questions. 

1. Let S' be a rigid surface, GML{S) = C(/) and let f : S be the corresponding 
fibration. Let C = {L, tt, S) be a line bundle over S. Is it possible that ML[L) = 0{S) if C 
is associated to a non-positive relative to fibration / element / of Pic(S')? 

2. Assume that S is rigid and GML{S) = C. When ML{L) = 0{S)? 
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